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Abstract

Comparison of restricted mean survival time
using copula graphic estimator

under dependent censoring

Restricted Mean Survival Time (RMST) is defined as the area under the survival
curve up to a prespecified time point. It can be interpreted as the average survival time from
time 0 to a specific follow-up time, providing a simple and clinically meaningful way to
interpret survival comparisons between groups. The RMST can provide useful information
for comparing two survival curves when the proportional hazards (PH) assumption is not
met, such as when the survival curves cross or when the separation between them is delayed.
In survival analysis, the time to the occurrence of a specific event of interest is often
incompletely observed. That is, for some subjects, the time to the event of interest is
unknown, which is referred to as censoring. When this censoring is dependent on survival
time, it can lead to biased estimates of the survival function and hazard rates. To address
this issue, copula has been proposed as an effective method for modeling dependencies
between multivariate data. This paper estimates the survival function using a copula

graphic (CG) estimator based on copula models, considering dependent censoring, and

Vviii



compares the RMST of two survival curves. To compare the RMST of two survival curves,
we assume that the difference in RMST between the two curves is zero. Using the bootstrap
method, we estimate the confidence interval for the RMST difference and calculate the type
I error. To address the issue of not being able to define the survival function for bootstrap
samples, we consider four methods. Through extensive simulations, we aim to provide

accurate and correct interpretations of survival analysis results for each scenario.

Key words: Restricted mean survival time, Copula graphic estimator, Dependent censoring,

Type 1 error
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1. Introduction

Restricted Mean Survival Time (RMST) is defined as the area under the survival
curve up to a prespecified time point. It can be interpreted as the average survival time from
time O to a specific follow-up time, providing a simple and clinically meaningful way to
interpret survival comparisons between groups. The RMST can provide useful information
for comparing two survival curves when the proportional hazards (PH) assumption (i.e.,
the ratio of two hazard functions remains constant over time) is violated, such as when the
survival curves cross or when the separation between them is delayed (Royston and Parmar

2011;2013).

In survival analysis, the time to the occurrence of a specific event of interest is
often incompletely observed. That is, for some subjects, the time to the event of interest is
unknown, which is referred to as censoring. When this censoring is dependent on survival
time, it can lead to biased estimates of the survival function and hazard rates. To address
this issue, copula has been proposed as an effective method for modeling dependencies
between multivariate data (Sklar 1959). Sklar's theorem clarifies that a copula can utilize
marginal distributions to represent the joint distributions of random variables. This
approach is particularly useful in analyzing survival data under dependent censoring.
Additionally, Kendall’s tau, a well-known non-parametric rank invariant measure proposed

by Kendall (1938), characterizes the overall association between variables within a copula.



There are several methods for estimating RMST. The Kaplan-Meier (KM) method
and Cox PH are the most used methods in survival analysis and are suitable for estimating
RMST. To allow for more general survival time distributions, flexible parametric models
have been introduced (Royston and Parmar 2002). These methods estimate RMST in the
same way as the KM and Cox PH models. Another method is the pseudo-observation
method (Anderson et al. 2004). However, these methods estimate the survival curve based
on the assumption that event times and censoring times are independent. In the presence of
dependent censoring, Inverse Probability of Censoring Weighting (IPCW) is a method used
to adjust for the effects of censoring. However, IPCW requires the strong assumption of
"no unmeasured confounders." This assumption can be challenging to meet in practice, and
failing to account for all relevant confounders can lead to biased results (Robins and

Rotnitzky 1992).

In this paper, we compare two survival curves under dependent censoring.
Bivariate survival data are generated from a copula model to set the data generation
scenarios. To compare the two survival curves, we estimate the variance using a non-
parametric bootstrap method and calculate the confidence intervals and type I error. We
propose methods to address the issue where the survival function cannot be defined because
the last observed time does not reach the pre-specified time point during the bootstrap
process. The copula graphic (CG) estimator, based on the copula model, is used to estimate
the survival function. The CG estimator provides unbiased information when the copula

model between survival time and censoring is correctly specified.



The purpose of this paper is to compare the RMST of two survival curves under
dependent censoring through extensive simulation studies. We aim to provide accurate and
correct interpretations of survival analysis results for each scenario and identify important

considerations for estimating the true survival function.



2. Background

2.1 Proportional hazards assumption

2.1.1 Definition of proportional hazards assumption

Common statistical method for comparing two survival curves is the Cox
proportional hazards model. This method operates under the proportional hazards (PH)
assumption. The PH assumption means that the hazard ratio between two groups (e.g.,
treatment and control) remains constant over time. The PH assumption can be expressed

using the following hazard function:

h(t|Z) = ho(t) eXp(B1Z1 + frZy + o+ ﬂpr)

where h(t|Z) is hazard function at time t given covariates Z, hy(t) is the baseline
hazard function when all covariates Z is zero, 21,23, o, Zy are covariates, and

B1, B2, -, Pp are the coefficients of the covariates.

The PH assumption means that the hazard ratio between two individuals with

covariate values Z, and Zp is given by the following:



h(t|Z,) _ ho(t) eXp(ﬁ1ZA1 + foZyy + 0+ ,BpZAp)
h(tlZg)  ho(t) exp(BiZp1 + BoZps + -+ + .BpZBp)

= exp (,31(ZA1 —Zp1) + B2(Zaz — Zpy) + - + ﬁp(ZAp - ZBp))

This ratio remains constant over time t, which is the essence of the PH assumption,

allowing for effective estimation of the hazard ratio.

However, when the PH assumption is violated, that is, in situations of non-
proportional hazards, the Cox PH model produce biased estimates and incorrect. For
example, in cardiovascular disease randomized clinical trials, a more aggressive or invasive
strategy may be associated with higher initial procedural risk but lower long-term risk.
Conversely, in drug trials, the treatment effect may appear several months or years after
treatment initiation. In such cases, the hazard ratio is not constant over time, and the overall

hazard ratio may fail to adequately summarize the treatment effect (Gregson, John, et al.

2019).

2.1.2 Non-proportional hazards situations

Common situations where the PH assumption is violated include delayed effect,
diminishing effect and crossing curve. Figure 1 illustrates the scenarios for proportional

hazards and non-proportional hazards along with their corresponding survival curves. In (b)



delayed effect scenarios, the treatment does not exert its effect immediately, resulting in a
lag period, and the hazard functions diverge later in the follow-up period. Conversely, in
(c) diminishing effect scenarios, the treatment provides a short-term benefit but loses its
effect towards the end of the follow-up period, causing the hazard functions to converge
and the effect to diminish. Lastly, in (d) crossing curve scenarios, the treatment may lead
to a higher incidence of events initially, but it provides a benefit over the entire follow-up

period, resulting in crossing hazard functions (Knezevic, A., and S. Patil. 2020).
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Figure 1 Situations of non-proportional hazards



2.2 Dependent censoring

The purpose of survival analysis is to estimate the time until a specific event of
interest (e.g., death or recovery). However, the event time is often incompletely observed,
meaning that the time at which the event of interest occurs is unknown for some subjects.

This phenomenon is known as censoring.

Typically, survival data is analyzed under the assumption that censoring is
unrelated to the event of interest. In fact, survival analysis tools such as the Kaplan-Meier
(KM) estimator and Cox regression handle censoring under the assumption that event times
and censoring times are statistically independent. However, when censoring is related to
dropout or withdrawal due to worsening symptoms, it can introduce bias into the statistical
analysis results. This type of dropout is known as informative dropout. Generally, when
the time of the event of interest is censored by a mechanism related to the event, this

phenomenon is called dependent censoring.

Figure 2 illustrates the potential bias that can occur in the presence of dependent
censoring. This figure shows the KM estimate and the actual survival when all event times
are observed. As expected, the KM estimator overestimates the actual survival probability.
Therefore, it is essential to use appropriate methodologies that account for dependent

censoring to avoid biased results (Willems, S. J. W., et al. 2018).
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Figure 2 Real survival curve and Kaplan—Meier estimation
in the presence of dependent censoring
2.3 Copula

A copula is a function that connects two random variables by specifying their

dependency structure between them.

Let’s denote the survival time X and the censoring time Y. Also, let Sx(x) =
Pr(X > x) and Sy(y) = Pr(Y > y) be the marginal survival functions for X and Y.

We consider a bivariate survival function as follows:

Pr(X >x,Y >y) = Cp{Sx(x), Sy (1)} (2.1



where a function Cy is referred to as a copula and a parameter 6 represents the degree of
dependence between X and Y. Through this model, the dependency between X and Y

is described by copula Cy.

2.3.1 Bivariate copula

A bivariate copula is defined as a bivariate distribution function with marginal
distributions that are uniform on the interval [0,1]. Let Cp : [0,1]®> — [0,1] be a
bivariate copula indexed by a parameter 6. All bivariate copulas satisfy the following

conditions:
Condition 1 (C1)

Co(u,0) = Cy(0,v), Co(u,1) =u,and Cy(1,v) =v

for0<u<land 0<v<1
Condition 2 (C2)

Co(uz,v2) — Co(uz,v1) — Co(uq, v2) + Co(ug,v4) 20

for0<uy;<u; <land 0<v; <v, <1

C1 requires the marginal distributions to be uniform, and C2 requires Cy to generate

probability mass in the region [uq, u,] X [vq, v3].



For a copula Cg, we can consider a pair of random variables (V,W) such that
Pr(V < u,W < v) = Cg(u, v). If we define the pair of random variables (X,Y) as X =

SyX(U) and Y = S; (W), then their bivariate survival function satisfies equation (2.1).
The following copulas satisfy C1 and C2.

The Clayton copula (Clayton 1978):

1
Co(u,v) = (u"9 +p70 — 1)_5, 6> 0.

The Gumbel copula (Gumbel 1960):

1
Co(u,v) = exp [—{(—logu)eJr1 + (—logv)9+1}9“], 6 =0.

The Frank copula (Frank 1979):

6+ 0.

Co(u,v) =

OGS CRER))

2] e ?—1

The Joe copula (Joe 1993):

Cowv)=1-{1-w?+1-v)f-1-wi —17)9}%, 6 >0

10



Table 1 Generator for Clayton, Gumbel, Frank, and Joe copula

Copula Parameter Generator ¢g(t)
Clayton 6>0 t_eg_ 1
Gumbel 6=0 {—log(t)}0+1
Frank 6 %0 - 1og<ef; — 1>
e’ -1
Joe 6=0 —log {1 — (1 —t)%}

An Archimedean copula is defined as follows:

Co(u,v) = dpg* (P (w) + Py ()

where the function ¢g: [0, 1] — [0, 0] is the generator function of the copula, which is
continuous and strictly decreasing from ¢4(0) > 0 to ¢4(1) = 0.

If ¢pg = ltiirgl ¢ (t) = oo, the generator function ¢g is called a strict generator function.

Under these conditions, Cy satisfies C1. To satisfy C2, the generator function ¢y must
2

be convex. This is assumed %}(t) <0 and %fz(t) >0 for t € (0,1), with ¢y(1) =

0 and ¢4(0) = co.

11



Table 1 summarizes the generator functions of the Clayton, Gumbel, Frank, and

Joe copula, which have strict generator functions.

2.3.2 Kendall’s tau

Kendall’s tau, denoted by t, is a well-known measure for assessing the

dependency between X and Y, which is defined by
7= Pr{(X; — X)(Y; — Y1) > 0} — Pr{(X; — X1)(Y; — V1) <0}

where (X;,Y;) and (X,,Y,) are pairs drawn from the model (2.1).

Kendall’s tau can be expressed using the copula Cy as follows:

1 01
Tg = 4f f Co(u,v)Cq(du,dv) — 1
0 Jo

Table 2 summarizes tg for the Clayton, Gumbel, Frank and Joe copula.

12



Table 2 Kendall’s tau for Clayton, Gumbel, Frank, and Joe copula

Copula Parameter Kendall’s tau: 74
0
Clayton 6>0 —
0+2
0
Gumbel 6=0 —
6+1
Frank 6+0 1 * 1 ! fe ‘ dt
ran ——\1-=] —
0 6J, et—1
© -t 2= -2t
Joe 6=0 t(1 —e™)o-2e

1—4[
0

92

dt

13



3. Method

3.1 Restricted Mean Survival Time (RMST)

Restricted Mean Survival Time (RMST) is defined as the area under the survival
curve up to a pre-specific time point. It represents the average survival time from time 0 to
a particular follow-up time, providing an intuitive and clinically meaningful way to
interpret survival differences between groups. The RMST can offer valuable information

for comparing two survival curves, especially when the PH assumption is violated.

The RMST of the random variable X, denoted by u(t*), is the mean of the
survival time T = min(X,t*) constrained by a pre-specified fixed time point t* > 0.

This is equivalent to the area under the survival curve S(t) from t =0 to t =t™*:

u(t*) = E(T) = E[min(X,t*)] = ft S(t)dt
0

When X represents the time until death, u(t*) can be considered the expected life up to

t*- years.

In clinical trials involving two groups — each characterized by their respective
survival functions S,(t) and S;(t) for the treatment and control groups — the difference

in the RMST between the two groups is defined as follows:

14



t* t*

- f [5,(6) — So(D)]de 3.1)
0

The difference, denoted A(t™), is the area between the two survival curves.

To compare two survival curves, we can perform testing for the null hypothesis

HO: A(t*) = 0.

3.2 Copula graphic (CG) estimator

In survival data analysis, it is common to begin by plotting the KM survival curve,
which graphically summarizes the survival times of patients. However, under dependent
censoring, the KM estimator can provide biased information about survival. If the copula
function between survival time and censoring is correctly specified, then the survival curve
with the copula graphic (CG) estimator can provide unbiased information about survival

and allow for the accurate calculation of the RMST.

Let’s denote the survival time X and the censoring time Y. Consider an
Archimedean copula (copulas such as Clayton, Frank, and Gumbel, which possess a

generator function) model:

15



Pr(X >xY >y) = ¢y [$a{Sx ()} + Pa{Sy(1)}]

where ¢ : [0,1]%2 > [0,0] is a generator function, which is continuous and strictly
decreasing from ¢g(0) > 0 to ¢g(1) =0, Sx(x) = Pr(X > x) and Sy(y) = Pr(Y >

y) are the marginal survival functions.

Let’s denote the survival data as (t;,6;),i = 1,...,n, where t; = min (X;,Y;),
6; = I(X; £Y;),and I(-) is the indicator function. If all observed data are distinct, that is,
t; # t; whenever i # j, the survival function can be estimated using the following the CG

estimator:

S=a| Y #o(") =00 ()] o<e<maxw

ti<x,6;=1

where n; = Y1, I(t; > t;) is the number of individuals at risk at time t;. Sy(x) =1 if

no death has occurred by time x, and Sy(x) is not defined after max(t;).

16



3.3 Calculation of the confidence interval for the difference in

RMST

To calculate the type I error for the null hypothesis Hy: Agrigin(t*) =0, we
estimate the variance and calculate the confidence interval. However, due to the difficulty
of asymptotic variance estimation under dependent censoring, we use the non-parametric

bootstrap method.

Assume that there are n; subjects, then for i =1,2 and j=1,..,n;, t;; and
6;j represent the observed event time and censoring indicator for the j-th subject in the

i-th group.

The following steps outline the procedure for estimating the variance using the

bootstrap method and calculating the confidence interval:

Step1: Generate datasets using the bootstrap method

The bootstrap samples are formed by independently resampling ti(}() and 61.(;‘)

for all groups. The following is bootstrap samples By:

Be{(t 50}

where k =1, ..., b is the bootstrap sample index.
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Step2: Calculate the RMST for each group and the difference in the RMST

For each bootstrap sample, calculate the RMST for each group up to the t* and
obtain the difference in RMST. The following are the RMST for each group, ﬁgk) and

/ftgk), and their difference, A% (¢t*):

N t* S N t* S
i = 5 5P wat , p = [} $P 0

~ X —(k) _ (k
RO () = g — g
where the survival function §i(k) is the CG estimator under dependent censoring.

Step3: Estimate the variance for the difference between two RMST

and calculate the confidence interval

The variance estimator for the true RMST difference A,rigin(t™) is given by

b
PN * 1 A * 1) 2
62(t") = mZ(A(k)(t ) = Borigin(t"))
k=1
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After obtaining the variance estimator, the normality-based (1 —a) X 100%

confidence interval for A,yigin (t*) is calculated as follows:

Cliq = Aorigin(t*) - Zl—% G2 (t"), Aorigin(t*) + Zl_%v 62(t*)]

where Z1—% is the (1 — a/2)-quantile of N(0,1).

During the process of generating A®)(t*), a numerical issue may arise where

fi(k)(t) is not defined because the last observed event time does not reach the t* due to

censoring. To address this issue, the following four methods can be considered (Horiguchi

and Uno 2020):

Method 1: Ignoring the inestimable cases

The first method is to ignore cases where A®)(t*) cannot be calculated. In this
approach, resampling must be repeated to obtain k estimates. This method is simple, but it

may take a long computation time to obtain k estimates.
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Method2: Extending the survival curve to t*

The second method is to extend the survival curve to the t*, so that S_'i(k)(t) can
be defined for all k (k = 1,...,b). However, this method has the limitation of potentially

overestimating RMST.

Method3: Switching the last censored observation to the event observation

The third method is to convert the last censored observation into an event
occurrence observation when the survival function cannot be estimated at the t*. However,

this method has the limitation of potentially underestimating RMST.

Method4: Averaging RMSTs derived from Methods 2 and 3

The fourth method is a combination of methods 2 and 3. This method takes the
average of the two RMSTs calculated using methods 2 and 3, thereby mitigating the biases

that occur in each method.
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4. Simulation study

In this section, we conduct a simulation study to compare two survival curves under

dependent censoring.

4.1 Data generation

The probability density function and survival function of the Weibull distribution

are as follows:

f(t) = ait* T exp(—At%)

S(t) = exp (—At%)

where a > 0 is a shape parameter, and A > 0 is a scale parameter. The shape parameter
determines the form of the distribution, and the scale parameter adjusts the spread of the

distribution.

We generate survival data (tij, 6i]~), i=1,..,n and j =1,2 from two random
variables X;j~Weibull(A;, a) and Y;j~Weibull(1},a) defined by a bivariate copula.

To generate this data, we use the Copula.surv R package, which generates bivariate survival

data from copula models.
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4.2 Simulation setting

The true parameter values set in our simulation study are as follows:
the shape parameter a =2, the scale parameters A;,1; € {0.52,0.375}, 2,4, €
{0.175,0.081, 0.155, 0.375}, and Kendall’s tau 74 € {0.2,0.5,0.8}. Table 3 summarizes

the true copula parameter values for each Kendall's tau using Table 2 from Section 2.

The a, A4, A7, A,, and A, were set such that for i = 1, the censoring rates are
20% and 50%, and for i = 2, the censoring rates are 10%, 20%, 25% and 50%, with the
median of the observed event times approximating 1 year. Additionally, in each simulation
setting scenario, we designated the time point at which the survival probability on the

survival curve reaches 10% as t*.

Table 3 True copula (Clayton, Gumbel, and Frank) parameter values for Kendall’s tau

Copula parameter 0

Kendall’s tau 4

Clayton Gumbel Frank
0.2 0.5 0.25 1.86
0.5 2 1 5.75
0.8 8 4 18.2
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The approximate true values for A;, A7, A,, A5, and t* are obtained through the
following process. First, set a sum of the two groups’ sample size N =n; +n, to
1,000,000 (n,; = n, = 500,000). Then, generate survival data according to Section 4.1.
From the generated data, find the true values that approximate the pre-specified values of
the censoring rates and the median of the observed event times. This process is repeated
1000 times to calculate the average value. This approach is often used when the true values
cannot be easily obtained from the data generation mechanism. Moreover, this process is

also used to calculate the Agpigin (™).

Table 4 All scenarios for data generation settings

Scenario Copula Kendall’s tau 7, Sample size  Censoring rate (%)

(20, 20), (20, 10)

I Clayton (0.2,0.5, 0.8) (50, 100, 500)
(50, 50), (50, 25)
(20, 20), (20, 10)
11 Gumbel (0.2,0.5,0.8) (50, 100, 500)
(50, 50), (50, 25)
(20, 20), (20, 10)
I Frank (0.2,0.5, 0.8) (50, 100, 500)

(50, 50), (50, 25)
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Table 4 summarizes all data generation scenarios. The Scenario I-III are broadly
categorized into three scenarios based on the copula models (Clayton, Gumbel, and Frank
copula) used to generate survival data. For each copula model, three different true
Kendall’s tau 19 = 0.2,0.5,0.8 are applied, and three different sample sizes N =
50,100,500 are examined. In each case, the sample size is equally divided for i = 1,2
as n;. For each of these granular data generation scenarios, two cases are considered: one
with relatively light censoring rates (20%,20%), (20%,10%) and the other with
relatively heavy censoring rates (50%, 50%), (50%, 25%) for both groups. Ultimately,

54 scenarios for the data generation settings are prepared.

For the original data in each scenario, 1,000 bootstrap samples are generated to
estimate the variance. For each of these bootstrap samples, another 1,000 bootstrap samples
are generated to 1,000 confidence intervals for the true RMST difference and compute the
type I error for the null hypothesis Hy: Agrigin(t™) = 0. To estimate the survival function,
the CG estimator is used with the assumed copula models (Clayton, Frank, and Gumbel
copula), considering three different Kendall’s tau 74 = 0.2,0.5,0.8 for each copula
model. Additionally, the KM estimator is also considered. To address the issue of the
survival function not being defined during the bootstrap process, we consider the Methods

2-4 from Section 3.3.
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4.3 Simulation result

The simulation results present the type I error for all data generation setting
scenarios using the KM estimator and the CG estimator, considering three assumed copula
models (Clayton, Frank, and Gumbel copula) with three different Kendall’s tau values

applied to each copula model.

Table 5-22 presents the results for Scenario I, Appendix Tables 1-9 present the
results for Scenario II, and Appendix Tables 10-18 present the results for Scenario III.
Similar results were observed across all scenarios. Additionally, in all tables, the assumed
copula model that correctly specified the true model showed lower type I error compared
to when the models were incorrectly specified, but the differences were not significant.

There were also no significant differences between the results of Methods 2-4.

When the true Kendall's tau is 0.2, the type I error remains stable with light or equal
censoring rates. However, as the difference in censoring rates increases, the type I error
rises, especially when Kendall's tau is incorrectly specified, and this increase becomes more
pronounced with larger sample sizes. Similarly, when the true Kendall's tau is 0.8, the type
I error remains stable with light or equal censoring rates, but it increases as the difference
in censoring rates grows and the misspecified with Kendall's tau becomes larger. However,
the increase in type I error is much greater in this case compared to the previous case. In
Table 22, when the assumed copula is Gumbel and Kendall's tau is 0.2, the type I error is

0.921, indicating a complete mismatch between the two survival curves. In contrast, when
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the assumed copula is Clayton and Kendall's tau is 0.8, the type I error is 0.049, showing a

significant result.

When the censoring rates are light or equal, the KM estimator did not show
significant differences from the CG estimator. However, as mentioned in Section 2.2, both
survival curves are likely to be overestimated, potentially leading to no change in the

RMST difference.

The simulation study results indicate that when the difference in censoring rates is
relatively large, correctly specifying the true copula model and parameters enables accurate
and correct interpretation of survival analysis results. This importance is particularly

emphasized as the true copula parameter increases.
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5. Conclusion

In this paper, we explained that RMST provides a simple and clinically meaningful
interpretation for comparing two survival curves, especially when the PH assumption is
violated. Additionally, we discussed that when censoring in survival analysis is dependent
on survival time, bias can occur in the process of estimating the survival function. To
address this issue, we introduced copulas and Kendall's tau, a copula parameter, as effective

methods for modeling dependencies between multivariate data.

In this simulation study, we compare the RMST of two survival curves under
dependent censoring. The data generation setting scenarios are broadly divided into three
categories based on the copula models (Clayton, Gumbel, and Frank), and for each scenario,
three copula parameters and four censoring rates are set, resulting in a total of 54 scenarios.
To calculate the confidence interval for the RMST difference, we estimated the variance
using a non-parametric bootstrap method. During the bootstrap process, we considered
three methods to address the issue where the survival function could not be defined because
the last observed time did not reach the pre-specified time point. The copula-based CG

estimator was used to estimate the survival function.

The study results showed that correctly specifying the copula model resulted in
slightly more favorable type I error, and there were no significant differences among the
results of Methods 2-4. When the difference in censoring rates was relatively large,

incorrectly specifying the copula parameters could lead to inaccurate and incorrect

45



interpretation of survival analysis results. This is especially important when the true copula
parameter is large, indicating the importance of correctly specifying the copula parameters.
Therefore, the study demonstrates that correctly specifying the assumed copula and its

parameters can reduce bias in estimating the true survival function.
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