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A Study on the 3D Representation of 2D Projection Data using Epipolar Geometry
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Abstract — In this paper, the epipolar geometry, generally used as a pin—hole camera model, is newly adapted to our
proposed method that enables the affine reconstruction of the 3D object from two projected views. The proposed method
models the projective projection of inherent X-ray imaging system, obviates the need to attach artificially constructed
material on the body, and requires none of the prior-knowledge regarding to intrinsic and extrinsic parameters of two
X-ray imaging systems. The optimum numerical solution is obtained by applying the least mean square estimator to
corresponding points on two projected X-ray planes. The performance of this proposed method is quantitatively analyzed
using computer synthesized model of Cochlear implantation electrodes. In simulated experiments, the proposed method is
insensitive to the added random noise, the scaling factor change, the center point change, and rotational angular change
between two projection planes, as well as enables the stable 3D reconstruction in least square sense even in worst
testing cases.
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Fig. 1 Perspective projection model of X-ray imaging system
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Table 1 22 electrode positions projected on 2 planes and
their estimated ' TFm

A m m’ wm' TFEm

1 (104.7, 283.7) (545, 269.5) -(.000908

2 (124.3, 295.0) (794, 287.1) -0.000372

3 (141.8, 305.1) (101.4, 302.7) 0.000012

4 (157.0, 313.9) (120.5, 316.4) 0.000277

5 (174.8, 324.8) (142.7, 333.2) 0.000523

6 (191.3, 333.2) (163.5, 346.3) 0.000619

7 (213.3, 340.3) (1915, 358.5) 0.000556

8 (229.3, 342.8) (212.4, 363.6) 0.000409

9 (249.8, 342.3) (239.3, 365.4) 0.000143

10 (268.8, 337.9) (264.7, 361.7) -0.000137

11 (286.3, 331.5) (288.3, 355.0) -0.000372

12 (301.7, 322.0) (309.5, 344.1) -0.00053

13 (317.1, 305.8) (331.2, 324.0) -0.000569

14 (325.6, 290.3) (343.9, 304.2) -(.000467

15 (331.0, 269.3) (352.8, 276.7) -0.000214

16 (330.4, 248.2) (353.9, 248.3) 0.000089

17 (325.8, 232.4) (349.1, 226.5) 0.000297

18 (3156, 215.0) (336.9, 201.9) 0.000441

19 (301.4, 201.6) (318.8, 182.2) 0.000414

20 (284.4, 193.0) (2965, 168.7) 0.000225

21 (266.1, 189.7) (271.9, 162.1) -0.000066

22 (248.0, 191.8) (2469, 162.7) -0.000371
2708l X-4 ol tiste] Epipolar 7188 mele] YA
B 2T FD ZTASRY o3 @AY HEAHS Az
Hated oldH oz FAHE 2o dolEd Uzt 2 (5%
Fojxl 71 Aol 0 o)H = =4 det(F)=0°] H= =

>~

A 320 A7Y AT%Y 22 BRAHY AT A4
Do o) AA AFA AFAAE £33 Hr1shr] Yl
X-d #9GA A28 Modified Stenver's view [31{8] 2
ol AHR Ztmef FAte] WL AHIE AL AAHoz
B7hsslth ol & mo ¥ wbedsly]) YA o)dH 9
olHE AA HEA diste] X, Y, ZFo tiste] (5% 10°
9% W ZFel distd XM BA|2RE X A A
& T3t 80 cm ol FE 22709 WS A Aok A
HAl X-ray AAA] = 100 cm, S Ze ke, KvE &2
A 2002 3ilen) QA olEF (xo yo)i= (256,
206)0.8 dAsATh 5 WA X-4 A28 3 da X-A
DAZAE X, Y, ZF dstd (0° -22° 599 A,
(300 mm, 0 mm, -90 mm) °|E&F o =110 cm, ky, ke
T YT 20, (xo, yo)= (250, 250) 0.2 AMAsIc) 99 =
Aol distd o) yzoz 27H94 X A Yo Foh 22749

Ao AN A3 AL ® 19 goul, oo distel
A@) (@9 FHALH, A(0) o AAENSE H 4850
48 4a925Y 248 718 g2 PE ohst 2o

215



BRBGHRXE 510%F 53 20025 58

20000 0 256 0
Hl I O]=[ 0 —20000 256 0‘
0 0 1 0
20414.8  1786.0  —8009.5 6577500.0
H[ R t]=[ 2010.7 —21908.1 231.8 —22500.0]
0.37318 0.032649 0.927184  —90.0
0. 0. —0.000085
F= { 0. 0. 0.008101 }
—0.000835 —0.010899 1.0

glo) HogrE 248 Ft det( F)=0.8 BFstd o,
E LolAe} 2o] 227 AZol did 4D m' TFm 3te ol
Aol 091 276 diste] BUiF Sx7F A& 0.00006600 A
AW 0000619 7+ 2] =L oo MUl A5 =A
& BEFS & 5 gk

22.5 Degree 30 Degree

80 Degree

ag 5 270 5Y EHel 32
Mol B34 A

Fig. 5 Electrodes trajectories on 2 planes with respect to their
angular difference

(o)}
rlo
el
=
Lo

oy

Epipolar 71318 zd& w&se & F9d

mie]l A2 EEd
A

0002963 =LA ke o= F 74
J ghol mlske] At gl 2.3}
b, glAzro] g’ A Aol 247}t ¢
Ak ol g ztel 8% F 7ie)
f grel Holzk A WA RdgEn F
Hl7b 78 ZAEE, o2 7ol
AR 2 oz g
20° -30° Al FUHe e gtol ARE olfi
5.9 225° ¢ 30° 2l Ao A} 2ol F A v T
gl guizel #elzh fAbEA (MEHes) £95
o o & Atk olx HWYFGe EYS oJudn, —;L

225 Epipolar 7]5}8t 270 ek ox2 A

L

Gm DE

r‘,r—Lcﬂ

o of oo fft o pok X

=
wyg %

216

o ojEg At & ASE ’%o}tia}r = | K a4
o] oate] An: mE Az o - 180°%14 A 09 @
(Ad 001 viwhe 2 e 7ANER, 2709 SIawol
ol Zwst FAREHS HF 2Abs] Adglol 344
A4 o] 753 Epipolar 4% wEata Qi

1

],
_}r\_

0.01 -
—e— Floating
—&— Integer
0.008
)
iy
o 0.006
po}
5
w
Q
< 0.004
C
[
©
=
0.002

0 20 40 60 80 100
Rotation Angle {Degree]

120 140 160 180

Ztof| oot

a8 6 S AMF, ¥ EHI 2¢tHZbe Y
2
=

Mean absolute error of m' TEFwm for floating and
integer representation of projected poinis with respect
to rotation angle of two planes.

0.0008

0.0006

0.0004

0.0002 1

Mean Absolute Error

Fig. 7 Mean absoulte error of estimated e TEm  with
respect to the same amount of scaletk,, k) changes
of two projected planes.

a8 7.8 X-A #9 Az"n e wE ®eEA =
= HHEE ky, ke S ELSA 1A RE 30 71X #ge
A9-9l o)A wm' TFm=0 ol¥ AE o FFHANLA
2 Yepwch Hu 20 30 of distel Aol 23 0.000765
o e #e A HEER 3—%‘4]%-"4 Zdd I A &
# ¢rov Epipolar 27& w&Estn vt 53] FuFo] A
Aol uwtat 2.z} ghol ZF7IEHA Hi olfw AL QA v#
o YAt AFLZFGANA 2z HHst ZA Gd=d

D}‘. O]L‘ ‘l’]ﬂ’L og E—E
FALZE 229 @dlelth

A& FEHelddoze] HY



0.0008 .

:

:

Mean Absolute Error

0.0002

5/10 7110 9/10 11410 13/10 15/10

Asymmetric Scale Ratio(Y scale/X scale)
a7 g 2ctHel Zoigk wishel(Ku/Kv)iel HElol] s X5
"TPmel HREA2
Fig. 8 Mean absoulte eror of estimated = "Fwm  with

respect to the changes of scale ratio (Kv/Ku) of two
projected planes.

0.00054

0.00052

0.0005

0.00048

Mean Absolute Error

0.00046

-250 ~150 ~50 50 150 250
Shift [Pixel Unit] '

w TFmel 3=

Fig. 9 Mean absoulte error of estimated w' "Fm  with
respect to center changes

A& F9 Aol W x, y
WgeR N AHoR YT A2e 2o AHEr] s
o2 uAJL ke g 209 hEtd

g ' Fm JERNLAE

i 30 of disted Hod 23 0.0007654 =
S %e 2 Juz doge) mac 4ge A wA @
© ™ Epipolar 24-& ‘ﬂég}l AEE & F gk B8 &

Wapel Aol weh o ol He

EgY

3

A ATl HAR 2o FHoA HEE o g2y
59 mddAe BEuolRHeze T wadl e
A8 9 E FAAIA A, ol FHeA Frbe A
o fck Hoiwrel wlmgol web et H4 0.00023200 4
0000779742 2% _ogs Wak stgond, Ao g5

W A AYAE A 0o SHIA N2 3HY A7
Ae gdaFel uggel JHe Ao WA Ak 19 92
X-d @9 Alzde] AN mek AH o7h ol FHE A%
we APss) Askel A @A x L 1 (x
=256) staL yZol olFH yo' S 2560 2RE 250 e

RE 4250 2R7HA W AR ZHe. o5

Epipolar 7|3t2t2 0| &35t 24ty £ HlolE{o| 3xt2 EFO| &g AP

Trans. KIEE. Vol. 51D, No. 5, MAY. 2002

26004 el 23 g 00005382 o] EFe] Hste T
S 349 A4l A5 FAL 4 dou, Fo) Wy
°2 oFA 2Age] Aokt ot Hz 3 WA Fdu
of ¥ WA S9R #1207 1=(300 mm, 0 mm, -90

mm) o ZHEHA Bol W NAVTFA 2149 2o 7
NS & AT

0.35
0.3 —e—MSE of 3D
Reconstructed
0.25 Point
{Original ~
5 0.2 Y Estimation)
* 015 —8—Sum of Absoulte
Error of
0.1 Fundamental
Equation
0.05 (22 points)
0
0 10 20 30 40 50
Added Noise Level [pixel]
2

HESel 2700 sk 2270 MF
o x

2} 3% MNP HEH

Summed absolute error of estimated m' TFm of
projected 22 points and mean square error of
respect

Fig. 10

reconstructed 3D points  with to added

random noise level.

e \\\
7 \
Noise=0 Noise=10
s
4
e Trajectary of 22

Reconstructed Electrodes

Noise=3D Noise=50

T 1 A (MMl TSt 3R T AM R E
Fig. 11 3D reconstructed coordinates and their trajectory with

respect 1o original trajectory(center line).

GYH A E

— A

cAE F ol

X,H rxJaloﬂ )\1235] \:HQX%Q. X /‘kj

(e}

9G¥+ FE(quantum, scattering &), A5 &
o4 g, AERY FARTA A% eae F3d T g
FEe WA "ok olE 2o 2AHE) st 249
gl w8 Tt ol gt R wRENE
gla] 3z AFA A FHEE A7 gy a9
A= M-Il tid MSE(Mean Square
Ao et 288 ' TFm o o3kt

A5 g2

N Ufo
ol fH Lo

A

G wHe
Error) &3t 22709

217



BRBER I 5DB 5% 2002%F 58

9 &g a9 1049 2ol wzstdtth 324 A+
2, MSE: FEpipolar 71atste] olg 7] whdAe]
2kl ;.‘m'TFm 9] zrel ®lgste] Frielien], MSEw

o] 2y WY #H29 =Zvlo wlaAstd Frhstdd 2EY
#e Yol gle AdY Bee 23 A9 0oz ¥
Here) 50 G4 A e Fgol £4
A%e selgs ;:m'fﬁm o grol 0341 ¥} e F

# MSEgtel 01977 Brt & goz <hA® 329 A+A
o] 7}—‘:%}?&4 29 112 2% 109 st dojd Azt
NEHQ Age] e BHEA FEo] 10 ot B fole

o] 30, 509 Asolm AA AFA

7ol A7} %1919‘“3,

S

N o jo to

it

@ AZ9 Ade] 23 U 3%Y A g% (heddl 9
A% AT sjasE FEAeA At dYelA 2
A% HAHGE VFoR APY AT H1 U8 &
A% # 19
5.8 2
B AFolAE 2719 $99 239 dRozRe 339 A

FA4L 98ted 71#9] pin-hole 7tdllgt ZdolA 2 &3t&

Epipolar 718}8& X-41 4243k Alzdoll Azo] 2§33l
oo Aot WS X-4 #Hgo IFAE Wddn, AR

#e Aarsly) A ARHA —‘?‘-i—“%—% %}"é’\l At Al A

B ox, F A A= g2 X-d g3 A2
intrinsic &} E1 9} extrinsic WeHlElE %_51 REE A
oA Affine FgollAe) 329 A7 FRlold. & X-d #
A7 z2Rg gAY X-H DENAY A, i dE
AY ol Fodd 2/ X-A HE A olFHE
2% MM FH9 odde] EFoFHE 32
A& wgoeln, vlH AA 7R H &5t

c

1
|

W

A

e

de oo alt 4n e
B
B
1)
_91:

fo o B o
o
t
e
ilio

I3
N
rlo,
Y
-im
of
M
i
i
oy
Z
32
o
£
o
4
%

W
3
>
=

2
fo L

oE
1o

s
M

o 8

g &

A
X ok,
2 oox
2ty o
ok o
G

O
Lo o

ol okl
oft

ot

Shd

i)

0O

ol

2
o
L
tx

%L, fo
Ha
o
iz
X
> ~jt
of
e
o’

e, o o,

L g F

o

o

3

R

2

30

o
b2

(@1

(]

)

S
o
S
o 38
n .
1o

SNl
dlo
s

?
2
X
[

w2
to

ol
1682
e
o
o
2

2y

Iy

Y
Ly

R
4
i
ik
)
i

_\.}_1,{
2
B
-+
o
2
N
o
olf
o
3R

W
w
2k
rlo
2
~
03‘..
-IE

E
2=
(o]

)
°
;3
M
r‘E
m&
=)

5 X}"J ZH—TL
B 33y AgT7A (cephalometry
=& ME Affine %90
7 A dlole & ALET YAulolHE

il jo ok
o
£ oo o
> 0—3‘% g 2 [0 4
o
o
2% -%J
EY o*n ek
1o
oo
oo
o,
N

o
)

218

ZAtel 2
FaGEAEAS Ao A&
: KRF-2001-041-E00163) '

o ATHAE (P%ﬂ\‘?i

o

L o

f11 D. C. Kelsall, J. K. Shallop, T. G. Brammerier, and
E.CPrenger, "Facial nerve stimulation after Nucleus
22-channel cochlear implantation,” The American J. of
Otology, vol.18, pp.336-341, 1997.

[2] D.Thompson, and J.Mundy, "Three-dimensional model
matching from an unconstraint viewpoint,” Proc. Int.
Conf. on Robotics and Automation, pp.208-220, 1987.

[31 G.Wang et. al, "Digital X-ray streophotogrammetry
for cochlear implantation,” IEEE trans. on Biomed.
Eng., Vol. 47, No.8, pp.1120-1130, 2000.

{4] HLonguet-Higgins, "“A computer
reconstructing a scene from tow projections, Nature,
Vol. 293, pp.133-135, 1981.

[5] JB.A. Maintz, and M.A.Viergever,
medical image registration,” Medical Image Analysis,
Vol.2, No.i, pp.1-37, 1998.

[6] J.W Peiffer, and D.N.Ku, “Computer modeling of the
abdominal aorta using magnetic resonance images,”
Annals of Biomed. Eng., Vol.21, pp.237-245, 1993.

{71 R. A. Robb : Three-dimensional biomedical imaging,
VCH Publishers, 1995.

[8] S. K. Yoo, G. Wang, J. T. Rubinstein, M. W. Skinner,
M.W.Vannier, "Three-dimensional
visualization of the Cochlea on the internet,” IEEE
trans. on Info. Tech. in Biomed., Vol. 4, No.,
pp.144-151, 2000,

[9] Z.Zhang, and G. Xu, "A general expression of the
fundamental matrix for both perspective and affine
cameras, " Proc. of 15 th Int. Joint Conf. on Artificial
Intelligence, 1997.

{10] Z.Zhang, R.Deriche, O.Faugeras, and Q-.-T.Luong,
"A robust technique for matching two uncalibrated
images through the recovery of the unknown epipolar
geometry,” Artificial Intelligence Journal, WVol.78,
pp.87-119, 1995.

algorithm  for

"A survey of

modeling  and



T (REHR

19591 1€ 8¢ A 1981 <A A7)
Faha &, 19839 Fulsh w7 a4
Ab. 1989 EuiEel M7 FEIAAD.
1990-19% +=AFH A71Fs4 AU 7FAL
24, 1998-2000 The University of
Iowa Visiting Associate. 1995-&#] <1 Al

gebm e FgwA 2up, Py

Ge Wang

Ge Wang, Ph.D,, is Associate Professor
with Department of Radiology,
University of Iowa. His interests are
computed tomography (CT) and image

analysis, with emph asis on spiral/
helical CT. He has 64 journal papers
and numerous other publications. He serves as Associate
Editor of Medical Physics, Guest Editor for a special
issue of IEEE Transactions on Medical Imaging (devoted
to multi-slice spiral CT). His honors include the 1996
Hounsfield Award from the Society of Computed Body
Tomography and Magnetic Resonance, the 1997 Giovanni
DiChiro Award for utstanding Scientific Research from the
Journal of Computer Assisted Tomography, and the 1999
Medical Physics Travel Award from the American
Association of Physicists in Medicine (AAPM) and the

Institute of Physics and Engineering in Medicine (IPEM).

Epipolar 7I5t5tE ol 8% 2xt3 5 clole{e] Xty E@ol 2t A7

Trans. KIEE. Vol. 51D, No. 5, MAY. 2002

4d (& E

195410 89 302 A 1977 AATH B
w2 19824 s 4713
(MAD. 19879 Fojstsl d7]Bska(e
Ab). 1988 |A AT o83 e

).
AAZAY, g, F-us

48 22 7F M

19599 79 169 A). 1980 AAlTh 2
o7 Z, 19924 Z¥ ez AE 9. 1992
W Fuigtd oEH(244h). 19969 F
et o shal(abAl). 1992-2000 7FA
ol Ay I 1996-1997 A E
o) apojst et 2000-dA QA
g ol E dEestud 2ug

4 3 (& B )

19551 7€ 21 A8 1983d AAMo A
7]&8ta £ 19879 George Washing-
ton  HER(MAL, 1991 George
Washington t8ra(gFAlL).  1994-1995
University of Pennsylvania Q-+Z&3
. 1995-1997 &4buistw & ojshat =
o, 1997-8 A Mg AgEA

=5 Py H A~
AR Fag, Fas

219



